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Abstract. We prove that it is consistent that there is a non-reflexive Whitehead 
group, in fact one whose dual group is free. We also prove that it is consistent 
that there is a group A such that Ext(A,Z) is torsion and Hom(j4,Z) = 0. As an 
application we show the consistency of the existence of new co-Moore spaces. 



0. Introduction 

This paper is motivated by a theorem and a question due to Martin Huber. He 
proved g in ZFC that if A is Hi-coseparable (that is, Ext(A,Z('^)) = 0), then A is 
reflexive (that is, the natural map of A to its double dual A** = Hom(Hom(74, Z), Z) is 
an isomorphism). He asked whether it is provable in ZFC that every Whitehead group 
A (i.e., Ext(A,Z) = 0) is reflexive. This is true in any model where every Whitehead 
group is free. It is also true for Whitehead groups of cardinality Hi in a model of MA 
-I- -iCH (because they are Ki-coseparable: cf. Cor. XII. 1.12]). Moreover, it is true in 
the original models of GCH where there are non-free Whitehead groups (cf . |l^ , jl^ , 
Thm. XII. 1.9]). It was left as an open question in p. 455] whether every Whitehead 
group is reflexive. Here we give a strong negative answer: 

Theorem 0.1. It is consistent with ZFC that there is a strongly non-reflexive strongly 
Hi-/ree Whitehead group A of cardinality Hi. 

A group A is strongly non-reflexive if A is not isomorphic to A**. In fact, the example 
A has the property that A* is free of rank K2 (i.e., isomorphic to Z'^^^^) so A** is 
isomorphic to the product Z^^ ; it is therefore not isomorphic to A since its cardinality 



is > ■^-^ (gee Theorem 1.5 and Corollary 1.6 of section 1.) 

If Ext(A,Z) — 0, then A is separable ([^ Thm 99.1]) and hence A* is non-zero. 
However, using the same methods we can also prove: 

Theorem 0.2. It is consistent with ZFC that there is a non-free strongly Hi-free group 
A of cardinality Hi such that Ext(A, Z) is torsion and Hom(yl. Z) = 0. 

It is not a theorem of ZFC that there is a non-free torsion-free group A such that 
Ext(yl, Z) is torsion. Indeed, in any model where every Whitehead group is free — a 
hypothesis which is consistent with CH or ^CH (cf. ||l^) — if A is not free, then 'Ext{A, Z) 
is not torsion (J||, § Thm. XII.2.4]). 

Theorems 1.5 and 3.2 provide new examples of possible co-Moore spaces (see section 
6). In particular, we answer a question in p. 46] by showing that it is consistent that 
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for any n > 2 there is a co-Moore space of type {F, n) where is a free group of rank 

The models for both theorems result from a finite support iteration of c.c.c. posets and 
are models of ZFC + -iCH. (Other methods will be needed to obtain consistency with 
CH.) We begin the iteration with a poset which yields "generic data" from which the 
group A is defined; we then iterate the natural posets which insure that Ext(A,Z) = 
(resp. Ext(A,Z) is torsion). The hard work is in proving that Hom(A,Z) is as claimed. 
We define the forcing and the group more precisely in the next section and then prove 
their properties in the succeeding sections. 

1. The BASIC CONSTRUCTION 

The group-theoretic construction is a generalization of that in XII. 3. 4]. Let E he a, 
stationary and co-stationary subset of lui consisting of limit ordinals, and for each 5 £ E, 
let rjg be a ladder on 5, that is, a strictly increasing function rjg : lu —>■ d whose range 
approaches S. Let F be the free abelian group with basis {x^: v e wi} U {2:5, „: 5 G 
i?, n £ w}. Let 5 be a function from E x uj io the integers > 1. Let u be a function from 
Ey-lo to the subgroup {x^, : v e wi) generated by {xy : v G uji} such that u{5, n) belongs 
to {xv'- V < rjg{n)). Let K be the subgroup of F generated by {ws,n : S E,n E uj} 
where 

(1-1) WS,„ = 2<^''^''^hs,n+l - Z5,n " a^^fjri) " u{S,n). 

Let A = F/K. Then clearly A is an abelian group of cardinality Ki. Notice that because 



the right-hand side of (1.1) is in A, we have for each 5 £ E and n G lu the following 
relations in A: 

(1.2) 23(-^^"hs,n+i = zs,n + a;^,(„) + u{d, n) 
and 

n 

(1.3) 2S?^o9(^j\^^^^^ ^^,0 + ^ 2^"=os(^^n^^^^^^^+^^s,k)) 

Here, and occasionally in what follows, we abuse notation and write, for example, ^^j^ 
instead of + K for an element of A. For each a < wi, let A^ be the subgroup of 

A generated by 

(1.4) {x^ ■.v<a}\J [zs^n : (5 e -E n a, n e w}. 



Then, by (1.2), for each 5 £ E, zs.o + As is non-zero and divisible in As+i/As by 2™ 
for all m E uj. Thus Ag+i/As is not free and hence A is not free. (In fact T{A) D E.) 
Moreover, A is strongly Ki-free; in fact, for every a < wi, using Pontryagin's Criterion 
m IV. 2. 3] we can show that A/Aa+i is Hi-free for all a G wi U { — 1}. 

We begin with a model V of ZFC where GCH holds, choose E G V , and define 
the group A in a generic extension y'^o using generic ladders 77^, and generic u and g. 
Specifically: 

Definition 1.1. Let Qq be the set of all finite functions q such that doiii{q) is a finite 
subset of E and for all 7 G dom(q), (7(7) is a triple (?7^,u',5') where for some G lu: 
• T]^ is a strictly increasing function: r'i^ ^ ; 

: {7} X — > {xi, : v G Wi) such that for all n < r^, ^^(7, n) G {x^ : v < rj^{n)); 



u: 



7 ■ L / J ■ 7 

and 
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• 57 : {7} X '■7 ^ e : n > 1}. 

The partial ordering is defined by: qi < q2 ii and only if qi C 52! note that we follow 
the convention that stronger conditions are larger. Clearly Qq is c.c.c. and hence E 
remains stationary and co-stationary in a generic extension. We now do an iterated 
forcing to make A a Whitehead group. We begin by defining the basic forcing that we 
will iterate. 

Definition 1.2. Given a homomorphism ip : K ^ Z, let be the poset of all finite 
functions q into 7L satisfying: 

There are Sq < Si < ... < Sm in E and {ri : £ < m} C lo such that dom((7) = 

{zsi,,n : i < m,n < ri}U {x^, : v e Ig} 

where Iq C uJi is finite and is such that for all £ < m 

(1.5) n < ri ^ u{5(,n) g {x^ : i' £ Ig) and rig^{n) £ Ig n < rg 
and for all £ < m and n < ri, u{Se, n) £ (xi, : v £ Ig) and 

(1.6) '4){ws,,n)= 2^''^''^'^ q{zs, ^n+i) - q{z5i,n) - q{x^^ (n)) - q{u{5 1 , n)) . 



(Compare with (1.1 ). The definition of q{u{Si,n)) is the obvious one, given that q should 
extend to a homomorphism. ) Moreover, we require of q that for all £ ^ j in {0, m}, 

(1.7) VSjif^) 7^ Isii^) foi^ '^^^ ^ ^ '^"'^ i £uj. 

We will denote {5^, 5m} by cont((7) and ri by num((7, 5i). The partial ordering on 
is inclusion. 

Proposition 1.3. (i) For every 5 £ E and k £ ui, Dg^k — {q £ Qt/, ■ S £ cont((7) and 
k < num(g,(5)} is dense in Q-^ 
(ii) is c.c.c. 



Before proving Proposition 1.2, we prove a lemma: 



Lemma 1.4. Given {So, Sm} £ E, integers r'^ for £ < m and a finite subset I' of uji, 
there are integers r" > r[ for all £ < m and a finite subset I" of oji containing I' such 
that for all £ < m: 

(a) rig^{n) £ I" n < r"; and 

(b) for all n < r", u{5e,n) £ {x^ : v £ I"). 



Proof. The proof is by induction on to > 0. If m = we can take 

Tq = max{ro, max{fc + 1 : 77^^^ (fc) £ I'}} 

and take /" to be a minimal extension of /' U {rjg^{n) : n < Tq} satisfying (b); then (a) 
holds because u{S,n) £ {xi, : v < rig{n)). If m > 0, without loss of generality we can 
assume that So < Si < ... < Sm- Let 

= max{r^,max{fc + 1 : r]g^^{k) £ J'},min{fc : rig^^{k) > Sm~i}}- 

As in the case to = 0, there exists / containing /' such that (a) and (b) hold for / for 
£ = m. Then apply the inductive hypothesis to {So, Sm~i}, I, and the {£ < to) to 
obtain r'l for £ < m and a minimal /". | 
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For q G and a G wi, let g \ a denote the restriction of q to 
dom(q) n {{zsm : S < a,n ^ lu} U {xy : v < a}). 
Say that r occurs in g if r g cont((7) or Xr G dom(g). 

PROOF OF PROPOSITION |l.3| . (i) Given S e E, k e lu and p e Q^, we need q>p 
such that q G Ds^k- Let cont(p) = {(5o, ■■■,Sm}. We consider two cases. The first is that 
S G cont(p), that is, 6 = Sj for some j < m. We can assume that k > num(p, Sj). Apply 
Lemma 1.4 with /' — Ip, r'^ — k, and = num(p, St) for i ^ j to obtain /" and r". Then 



we can define q to be the extension of p with cont(g) = cont(p) and num(q, Si) — r" and 



Iq = I". Since ( |1.5[ ) and (1.7) hold, we can inductively define g(x^^ and q{zs^^i+i) 
for r'g < i < r" (setting q{xi^) — f or i/ G Iq \ U{rge(?75^ : £ < m} if not already defined) 
so that (|l.6|) holds. Note that (L7) continues to hold. 



The second case is when S ^ cont(p). Let ^ ^+1 = S. Choose for ^ < m + 1 so 
that r'g > num{p,5e) for £ < to and such that (|l.7| ) holds, that is, ri^\n) ^ Vsri^) for 



all n > r'j and i G w for all j ^ £ ^ {0, to + 1}. Apply Lemma |l^ to {Sq, Sm+i}, 
Ip, and the r'^ to obtain r" for < to + 1 and /". Let Iq = I" and imm{q,Se) — r". 
For £ <m define qix^j^ (i)), q{zsi^i+i) and u{5i,i) for num(p, (^f) < i < r'l by induction 
on j as in the first case. Define q{zsy = and define q{zs^n) for n < r'J^^i by 

"downward induction" , i.e. 

qizs,n) = 2^^-^'''^'>q{zs,n+i) - (l{xn^{n)) - q{'U'{5,n)) - ij{ws,„). 

(Setting q{xr) = where not already defined, we can assume (7(a;^^(„)) and q{u{5,n)) 
are defined.) 

(ii) Consider an uncountable subset {q^ : v E uJi\ oi Q^. By the A-system lemma we 
can assume that {cont(g^) : v E uji] forms a A-system, i.e., there is a finite subset A 
of E such that for all v ^ ^, cont(gi/) fl cont(g^) — A. By renumbering an uncountable 
subset, we can assume that for all ii 5 £ cont(gi,)\A, then 5 > v. Furthermore, by 
passing to a subset and using (i) we can assume that if (5 G cont(gi,)\A and ri^{n) < v, 
then n < imm^q^jS). By Fodor's Lemma we can assume that there exists 7 > max A 
such that for all v and n, if (5 G cont(gj^) and r]g(n) < v, then rig{n) < 7 and moreover 
such that if r G Iq^ and t < h', then t < 7. We can also assume that for all ^, h', 
q^ \ p, = q^ \ ly. If we pick fj. < u such that 7 < ^ and whenever t occurs in g^. 



then T < ly, then we will have that Q'^U q^, G Q^. Notice that (1.7) will be satisfied: if 
5 G cont(g^) \ A and p G cont((7^) \ A and k > num((7^,(5) and m > num(qi/,p), then 
p < rig{k) < V < rjp{m)] moreover, if i G a; and ?7p(i) < v, then 77^(1) < 7 < /i < Vsi^)- 



Similarly it follows that (1.5) holds 



Now P — (^Pi, Qi : < i < cj2y is defined to be a finite support iteration of length 

so that for every i > 1 Ihp. Qi ~ where \\-p. ip^ is a homomorphism: K and the 

enumeration of names {-0^ : 1 < i < ^2} is chosen so that if G is P-generic and ?/; G 
is a homomorphism: X — > Z, then for some i > 1, V'i is a name for ip in Then P is 
c.c.c. and in V[G] every homomorphism from to Z extends to one from F to 1. This 
means that Ext(A,Z) = 0, that is, A is a Whitehead group (see, for example, ^, p. 8]). 
We claim moreover that: 

Theorem 1.5. In V[G] A* Hom(yl, Z) j is free of cardinality H2. 
As a consequence we can conclude: 
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Corollary 1.6. In V[G] A is strongly non-reflexive. 

Proof. Since A* is isomorphic to Z'^^' , A** is isomorphic to Z^^ and hence not isomorphic 
to A because its cardinaUty is different. We remark also that A** is not slender, but A 
is slender since it is a Whitehead group — see |, Prop. XII. 1.3, p. 345]). | 



The next three sections are devoted to a proof of Theorem 1.5. The fact that A* 
has cardinality 2^^ is a consequence of a result of Chase Thm. 5.6]; by standard 
arguments it can be seen that in V[G] 2^° — 2^^ = K2. Let G,y = {p \ v : p e G}, so 
that Gj/ is Pi/-generic. To prove that IIom(A, Z)^'*^' is free, it suffices to prove that: 



(I) Hom(A,Z)^[^^' = 



(II) for every limit f3 < ^2, Hom(A, Z)^!^**' = U,<0 Hom(A, Z)^'^''; 



and 

(III) for all i < LU2, Hom(A,Z)^['^'+'VHom(A,Z)^['^'l is free, and in fact is either 
or Z. 

We shall prove (I) immediately, and then prove the other two parts in the next three 
sections. 



PROOF OF (I): Notice first that, by (jT^), if /i £ IIom(yl, Z) and h{x^) = for all 
/i e tJi, then h is identically zero. So suppose, to obtain a contradiction, that there 
exists a Qo-name h and p € Gi such that 

p\\- h e Hom(A, Z) A /i(x^) = m 

for some /i G wi and some non-zero integer m. Choose d such that 2^* does not divide 
m. For each 5 ^ E there exists ps > p and ca G Z such that 

PS II- h{zsfi) = eg. 

By Fodor's Lemma and a A-system argument, there exist 61 =^ 62 > n such that cs-^ — 
C52, and if (for convenience of notation) we let = p^. , r^^ = r^^ — r, rjg^{n) = rjg^{n), 
it((5i, n) = w((52, ri) for all < r and p^ and p^ are compatible. Then there is a condition 
q E Qq such that < g for i = 1, 2 and 

<? II" %i(^) = %2(^) ^ 9(^1, r) 9(62, r) A u{5i,r) = a;^ A u{d2,r) = 0. 



Now consider a generic extension F[G"]^] where q G G'^. By subtracting ( |1.3[ ) for n = r 
and 5 = (52 from ( pT^ ) for n = r and J = (5i and applying h we obtain that (in y[G']^]) 2'' 
divides h{u{Si,r)) — h{u{S2, r)) = h{x^) — h{0) — m. But this is a contradiction of the 
choice of d. ■ 



2. Preliminaries 

Before beginning the proof proper of (II) and (III), we prove a crucial Proposition 
that we will need. For a fixed m G lu and S ^ E, let ZnJiS] denote the pure closure 
in A of the subgroup generated by {zs^m + K : S G S}. For t G cj, let Z,n^t[S] denote 
Zm[S]+2'A. 

Proposition 2.1. In V[G], for all m,t G uj and all stationary S E, A/Z„i^t[S] is a 
finite group. 
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Proof. The proof is by contradiction. Suppose that q* ^ G such that for some m,t ^ u 
and some S 

q* \\-p S" is a stationary subset of E and A/Zm.t[S] is infinite. 

Let S' be the set of all S £ E such that q* does not force "(5 ^ S"'; then S' E V is a. 
stationary subset of E. For each S € S' choose ps > q* such that ps S E S . 
We can assume that each ps satisfies: 

(t) G dom{ps); S G dom{ps{Oj); for each j G doni{ps), ps{j) is a function 
in V and not just a name; r^J''^"'' (= r^) is independent of 7 G dom{ps{0)); if 
j G dom(p5) \ {0}, 7 G cont(p5(j)) imphes 7 G dom(p5(0)) and n\im{ps{j),'-f) 
{— r'gj) is < rg and independent of 7. Moreover, if 7 G dom(p5(0)) and 
7 > 5, then »7^(r^j ) > S. 
When we say that 'V occurs in p" we mean that p(i^) is non-empty, or v occurs 
in p(j) for some j > or G dom(p(0)) U {?7^(f^) : 7 G dom(p(0)), n < r^^^''}, or 

u{-^,n) ^ (x^t : ^ ^ v) for some n < r^^^"*. Without loss of generahty we can assume 
(passing to a subset of S') that 

(ft) there exists t such that for all (5 G S", (5 > r and every ordinal < i5 which 
occurs in ps is less than t; {dom(p5) : 5 G S"} forms a A-system, whose root 
we denote C (i.e., dom.(ps^)r\doTa{ps.^) = C = {0,/i]^, for all 5i / (52 in 

S"); (= r*) and ^- (= r^ ) are independent of 5. Moreover, for every j G C, 
{dom(p5(j)) : (5 G S"} forms a A-system and for all i5i 7^ i52 in S", psi{j) and 
(j) agree on dom(p5^ (j)) n dom{ps^ (j)), so ps, (j) \ Si = ps^ (j) \ 62- Also, 
dom(p5(0)) n S and ^^(0) \ (dom(p5(0)) fl S) are independent of S. Finally, 

r]f^°\n) (=C„), gP''^°\5,n) {= g{n)) and uP''^°'^ {S,n) are independent of S 
for each n < r* . 

Let p* denote the "heart" of {ps : (5 G S'}: that is, dom(p*) = C and for all /i G C, 
dom(p*(^)) = dom(p5j(^)) n dom(p52(^)) (= C^, say) for Si ^ 62 E S'; and p*(/-i) = 

P5i(m) r C'm =P<5i(m) t (^i- 

The conditions in (f f ) insure that if Si < S2 are members of S' such that every ordinal 
which occurs in ps-^ is < i52, then ps-^ and ps^ are almost compatible; however, there may 
be problems in determining a value for pse{j)ix(^^) for r'^ < n < r* (independent of 
£ — 1,2); it is because of these that the following argument is necessary. 

We can assume that r* > m and that for ail S E S' S ^ dom(p*(0)). Choose M > t 
such that g{n) < M for aU n < r* . Let 

To obtain a contradiction, it suffices to prove that p* forces: 

(V) A/Z,n,t[S] is a group of cardinality < N'^ 

This is a contradiction since p* > q*. If p* does not force (V), then there is a finite 
subset Q of uJi and a condition p** > p* such that p** forces 

(VV)((a;i, : z/ G e) + Z„,,t[S]) / Zm,t[S] has cardinality > N'^. 
(Note that it follows from ( |1.3| ) that A/p^A is generated by {x^, : u E Q) .) We can assume 
that if V occurs in p** , then v E Q. Let T be the subset of (x^ : v E Q) composed of 
all elements of the form X/!/g6 Civa;;^ -|- Xfj where < < 2*. Let 6* = 2l®l*; so T has 
6' > N''- elements; list them as {ti : £ <9}. Now choose elements {Sg, : £ < 9} oi S' fisted 
in increasing order and such that the smallest, i5o, is larger than max 8 and such that 



A NON-REFLEXIVE WHITEHEAD GROUP 



7 



every ordinal which occurs in ps^ is < (S^+i. Moreover, we can choose them so that for 
any i < 6, the "common part" of ps^ and p** is p*; that is, dom(p5^) n dom(p**) — C — 
dom(p*) and for all fi G C, dom(p5^(/i)) ndom(p**(/x)) = dom(p*(/i)). (So, in particular, 
Si^domip**{0)).) 

Choose new ordinals ai ior —1 < i < 9 such that 

a_i < aQ < Sq < ai < 5i < ... < 5e < a^+i < (S^+i < ... 

Moreover, we make the choice so that for all £, ai is larger than any ordinal < 8i which 
occurs in any p^^. There is a condition go G Qo which extends p**(0) and each P5(,(0) 
{I < 9) such that go forces for all £ < 6*: 

"nstir*) = a^i;T]s^{r* + 1) = af,u{5i,r*) = Tf, and g{Si,r*) = t. 



This Qo will force versions of ( L5 ) and ( L7 ) for the Si . Also choose go to force values for 
77^(r*) for any 7 g U<;<e(dom(p5, (0)) - {Se}) so that and hold for U 

PS,,, (^i) for any £,£' < 9 and any /i G C. We claim that 

(IV.l) There is a subset W of {0, ...,6* - 1} of size at least 9 ■ N''^ and a 
condition g G Pc^2 which extends p** and for every £ & W and satisfies 
9(0) - go 

Assuming (IV.l), let us deduce a contradiction, which will prove that p* forces (v). Work 
in a generic extension V[G'] such that q G G' . For £1 £2 in W we have r^^ — Te^ & 
{xv : J/ G 6) n Zm.^'S'] because 

2<5fj.^. - ^<5f2,r* = T£i - + 2*a 

for some a G A and, letting e = '^^n=m di^)' 

SO since ^^[5] is pure-closed, t^^ — t^^ + 2*a G Zm[S'], and hence ti-^ — ti^ G Zm.t[S]. 
Therefore {{x^ : 1/ G 6) + .Zj„,t['S'])/^m,t[S'] has cardinality at most 

21^1711^1 = d/\W\ < N'^ 

which is a contradiction of the choice of p** . 

In order to prove (IV.l) we define inductively, for l<n<d+l,a condition g„ G P^^ 
(where ^„ is as in the enumeration of C for n < d and fj.j^_^_i = 102) such that g„ > p** \ fi^ 
and for n' < n, qn \ fJ-n' > 9n' . We also define a subset Wn of W of size at least 9-N^^^^^^^ 
such that for each £ G Wn, Qn > ps^ I" (So in the end we let q — qd+i and W — Wd+i.) 

To begin, let Wi — {0, ...,9 — 1} and let gi be any common extension of go and the 
PSe \ Ml. (There is no problem finding such an extension.) Suppose now that g„ and 
Wn have been defined for some n > 1. Choose g„ > g„ in such that g„ decides 
for all £ G Wn the value of i/jfj, ('"'7,/c) for all 7 G dom(p5j(o)) and all fc < r* . For each 
£ G Wn foi si gV such that si G extends p5^(/i„) and satisfies num(s£, (J^) = r* + 1, 
si{xa_i) < 2^ ^, a nd s^(a;(j^^) < 2*^ for all fc < r* . (This is possible by t he proof 
of Proposition |l.3| since we only need to find solutions to the equations (F2) modulo 
2^^ since gP''^°\Se,k) < M for k < r* .) 

Define an equivalence relation =„ on Wn by: £1 =„ £2 iff ^ U Si.^ is a function. By 
choice of M and N, there is an equivalence class, Wn+i, of size at least |W„|/iV. For 
£ G Wn+1 we can define a common extension g„+i(/z„) of p**(m„) and the ps^ifJ^n) and 
let Qn+i \ ^J'n — 9n- This complctes the inductive construction. | 
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For any abelian group let i'(-ff) be the Chase radical of H: the intersection of 
the kernels of all homomorphisms of H into an Ki-free group (cf. ||^). Then H/v[H) 
is Ki-free {% Prop. 1.2], [g p. 290]). Let c\{Zm[S]) be defined by: cl{Zm[S]) / Z^[S] = 
v{A/ Zm[S]), so in particular A/ c\{Zm[S\) is Ki-free. Notice also that every homomor- 
phisni from ^ to Z is determined on cl(Z,„[S']) by its values on {zs_rn + K : S G S}. 

Corollary 2.2. In V[G], for all m E lu and stationary S ^ E, A/ c\(Zfyi[S]) is a finite 
rank free group. 

Proof. If not, then since A/ c\{Zm[S]) is Ki-free, it contains a free pure subgroup of 
countably infinite rank. Let {a,i + cl(Zm[S']) : n € lu} he a basis of such a subgroup. 
For any n ^ m, a„ + Z„i_i[5] ^ a„i + Z„i^i[S] since 2 does not divide a„ — Om mod 
Zm[S] (or even mod cl(Zm[S'])). Therefore {a„+ ^m.iiS"] : ti G a;} is an infinite subset 



oi A/Zm.i[S], which contradicts Proposition 2.1 



For the next Corollary we will need the following: 

Lemma 2.3. The Chase radical, v{H), of a torsion-free group H is absolute for generic 
extensions. 

Proof. We give an absolute construction of v{H) using the fact that a torsion-free group is 
Hi-free if and only if every finite rank subgroup is finitely-generated (cf. Thm. 19.1]), 
that is, if and only if the pure closure of every finitely-generated subgroup is finitely- 
generated. For any group H\ let IJ,{H') be the sum of all finite rank subgroups G of H' 
which are not free but are such that every subgroup of G of smaller rank is free; it is easy 
to see that for such G, iy{G) — G and hence n{H') C v[H'). Moreover, the definition 
oi ijl{H') is absolute. Now define vpiH) by induction: voiH) = 0, v a+i{H) / v a{H) = 
fi{H / VaiH)) , and for limit ordinals f3, vp{H) = Ua^fii^aiH). It follows by induction that 
Va{H) C v{H) for all a < uji. We claim that v{H) = v^^{H)\ it suffices to prove that 
H/v^^ [H] is Hi-free. If not, then there is a finite rank subgroup of H/v^^ {H) which is 
not finitely-generated. We can choose one, G, of minimal rank, so all of its subgroups of 
smaller rank are free; say G is the pure closure of {ai + Vu)-^ {H), On + J^wi {H)}] but then 
for some a < oji, the pure closure of {ai + Va{H), an^Va{H)} is not free, but still has 
the property that every subgroup of smaller rank is free; hence {ai, ...,a„} C Va+i{H), 
which is a contradiction. | 

Corollary 2.4. If h E Hom(A, Z)^'*^' and for some i UJ2, m E uj and some stationary 
set S G T^[Gi], the sequence {h{zs m + K) : S € S) belongs to V[Gi], then h belongs to 
V[G.]. 

Proof. Suppose h, S and m are as in the hypotheses. First we claim that h \ Zm[S] 
belongs to ^[Gi]. Indeed we can define h \ Zjn[S] in l^[Gi] as follows: h{a) — k ii 
for some n ^ 0, na belongs to the subgroup generated by {zs^m + K : S E S} and 
h{na) =^ nk; and otherwise h{a) = ^ for some fixed ^ ^ Z. In fact, the second case never 
occurs because h{a) is defined in V[G]. Next we claim that h \ c\{Zm[S]) belongs to 
y[Gi]. The proof is similar in principle, using the inductive construction of cl(Z„i[S']) 



given by the proof of Lemma 2.2. But then by Corollary 2.2, h is determined by only 



finitely many more values, so also h belongs to ^[Gi]. 



For the next corollary we introduce some notation that will be used in section 4. Let 
iPi e F[Gi+i] denote the generic function for Q^; thus ip^ is a homomorphism: F Z 
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extending : K ^ Z, where is the interpretation in ^^[G'i] of the name i/jj. The 
canonical map Hom(_ftr, Z) Ext(A, Z) sends ■0i to a short exact sequence 

and there is a commuting diagram 



- 


^ K ^ 


F 


— > A - 















- 


z ^ 




^ A - 


-y 



where t and t' are inclusion maps. Moreover, for all z d F, {no <7i){z) = z + K ^ A. 
Then (p^ gives rise to a splitting G Hom(_Bi, Z)^['^'+il defined by p^{ai{z)) — (Pi{z). 
Thus Pi o L — li (the identity on Z) and also p^o ai = '^i- 

Corollary 2.5. // / e Hom(Bj, Z)^'^' and for some m E Lo and some stationary set 
S G V[Gi], the sequence {f{a'i{zs,rn)) ■ 5 S) belongs to V[Gi], then f belongs to V[Gi]. 

Proof. If Z' is defined to be the pure subgroup of Bi generated by {ai{zs^rn) ■ S G 
S} U {t(l)} and C" is such that v{BilZ') = C /Z' ^ then tt induces an isomorphism of 
C"/rge(t) with c\{Zm[S]). Hence Bi/C = A/ cl{Zm[S]) is finite rank free; therefore, 
arguing as in Corollary / belongs to V[Gi]. | 

3. Proof of (II) 

We divide the proof of (II) into three cases according to the cofinality of (3. The case 
of cofinality uj2 (i.e., (3 — to 2) is trivial since any function from A (which has cardinality 
Hi) to Z must belong to V[Gi\ for some i < (3. 

Let ft, be a P^-name and p G Gp such that 

p Ihp^ h G Hom(yl,Z). 

Then for each S E E there is ps G and ks € 'Z such that ps > p and ps II" 
h{zsfi + K) = ks. 

Suppose that the cofinality of f3 is w, and fix an increasing sequence (/3„ : n G w) 
whose sup is (3. Then there is n G w and a stationary subset Si of E, belonging to 
VlG/s], such that for S E Si, ps E Gp^. Without loss of generahty there is p* G such 
that p* forces 

S = {5 E E : 3ps G Gp^ and ks G Z s.t. ps Ihp^j h{zsfl + K) = ks} is stationary. 

Then {h{zsfl + K) : S e S) belongs to V[Gf3j, so h e Honi(A, Z)^''^''-' , by Corollary 
01 



The final, and hardest, case is when the cofinality of (3 is cui. Fix an increasing 
continuous sequence (/3^ : v < lui) whose sup is (3. Then there is G wi and a stationary 
subset S of uji such that for S e S, ps \ f3s & 

For any t>l, {ZQ^t[S \ a] : a < ui) is a non-increasing sequence of groups. Since the 
groups A/ ZQ^t[S\a\ are finite, it follows that there is a countable ordinal at such that 
for 7, a > at, Z^^tiS \ a\ = ZQ^t[S \ 7]. Therefore there is a countable ordinal a* and a 
countable subset Y oi A such that for alH > 1, at < a*, and Y contains representatives 
of all the elements of A/ZQ_-t[S \ a*]. Increasing i' if necessary, we can assume that we 
can compute h{y) in l^[G/3_^] for all y &Y. 
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We claim that h belongs to VlG^J. In pursuit of a contradiction, suppose that there 

arc a e ^, conditions qi,q2 G Pp/Gp^ and integers ci ^ C2 such that qi W-p^ h{a) = Ci 
iot I = 1,2. Choose t sufficiently large such that 2* does not divide — C\ and choose 
^ < uii such that qi,q2 G P/s^ . For some y € Y, a — y G Zq^j [5 \ a*] = Zq^-^ [S \ (3^] . Thus 

a-y = z + 2*a' 

for some a' € A and z in the pure closure of the subgroup generated by {zs-fi : j = 
l,...,n} for some Si,...,Sn G S* \ f3^. For £ = 1,2 there is an upper-bound r/ G P^j 
of {qe,PSi, ■■■,P5n}- Then n and r2 force the same value, 6, to h{z) (because they are 
both > psj for j = 1, ...,n) and the same value, k, to (because it is determined in 
y[G/3j). Therefore 

re 11-2* divides ce — k — b. 

So for £ = 1, 2, the integer q — fc — 6 is divisible by 2*. But this contradicts the choice 
of t. 

4. Proof of (III) 

We continue with the notation from the end of section 2; so £i G V^[Gi]. Suppose 
that £i represents a torsion element of Ext{A,Z), of order e > 1, that is, there is a 
homomorphism : Bj Z such that gi |" Z = elz, or more precisely, o l = el^. (We 
consider the zero element to be torsion of order 1.) Then ep^ — gi is a homomorphism from 
Bi to Z which is identically on Z, so it induces a homomorphism 6i G IIom(A, Z)^''^'"''^' 
(that is, 9i o TT = — gi) which is a new element of A* — that is, it is not in ^[08]. 
To prove (III) it will suffice to prove that if there is an element h of A* which is in 
y[Gi+i] but not in F[Gi], then £i is torsion, and in that case h is an integral multiple 
of 6ii modulo (A*)^[G^-1. 

Given such an h, let h' = h o w : Bi ^ Z. Clearly h' G y[Gj+i] — V[Gj]. We claim 
that: 

(111.1) For some integer c, h' — belongs to l^[Gj]. 

Let us sec first why this Claim implies the desired conclusion. Note that c =/= since 
h' does not belong to V[Gi]. Since {h' — cp^) \ Z = — clz, we conclude that in y[Gi], £i 
is torsion, of order e dividing — c; let g^ G IIom(i?j, Z)^'*^*^ such that gi \ Z = elz. Let 
6i be induced by epj — gi, as above. Say c = ne; then h' — cpi+ngi belongs to V[Gi] and 
is identically on Z so it induces a homomorphism / G Hom(j4, Z)^'*^*'. By composing 
both sides with tt one sees that h = nOi + f. 

We shall now work on the proof of (III.l). Let F' be the subgroup of F generated by 
{Xi, : V < Wi}. We work in y[Gi]. For any countable ordinal a lui — E, define 

Qi,a = G Qi : zs^n G dom{q) ^ S < a and Xi, G doui{q) ^ v < a). 

Then Qi^a is a complete subforcing of Qi. In particular, 

V[Gi+^] = V[G,][Gi+r,a\[Hi+iA 

where Gi+i,a is Qi.a-generic over V[Gi] and is (5i/Gi+i,a-generic over V[Gi][Gi+i^a]- 

We claim: 

(111. 2) There is a countable ordinal a G wi — £ such that in I^[Gi][G,+i,c«] 
there is an assignment to every y G F' of a function : Z — > Z such that for 

all y G F' |hQ,/G.+,,>(y + K)= ^yi^Piiv))- 
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Let US see first why this implies (III.l). First we assert that the following consequence 
of (III.2) holds in F[G»][Gi+i,„]: 

(III. 2.1) There is an integer c such that for every fc G Z, and every {3 > a, 

LM-LM = kc. 



To see this, let /3,7 > a with /3 ^ 7, and let k E Z. By the proof of Proposition 11.3 , 
there are conditions 91,(72 G Qi/ Gi+i^a such that 

and 

92 Ih 'f^ix^3) ^OA<fi{x^) = k. 
Let y = Xf} + Xj. By (IIL2) and the fact that h and ip^ are homomorphisms, 

91 ihe.,w + e.-,(o) = e,(fc) 

which implies that £,^^^{k) +^2:^(0) = ^y(^) holds in V^[Gi][Gi+i,Q,]. Similarly, reasoning 
with (72, we can conclude that £,x^{k) +^2;^(0) = S,y{k) holds in y[Gi][Gi+i,Q]. Thus 
Lf,ik) - Ca;^(0) = L.,{k) - ^^^(0) in V^[Gi][G,+i,„]; we denote this value by S(fc). If we 
can prove that for all fc, E{k) = fcS(l), then we can let c = S(l). Again, let /3, 7 > a with 
/9 ^ 7 and this time let ?/ = fca;/? + x-y. Using conditions (73 ||— (,0j(a;/3) = 1 A ^i{x^) — 
and (72 ||— 'i^iixp) = A </5i(a;-y) — k we conclude that 

^C.,(i) + C.,(o) = fce.,(o) + ^,^(fc) 

from which it follows that fcS(l) = S(/c). This proves (III. 2.1) 

Now work in V^[Gi+i]; we have 

h{xp + K) = ^^i,{^i{xf3)) = c^p,{xp) + ^^^^(0) 

for [3 > a. Since ((/i' — cp^) o o-i)(a;) = ft,(a; + K) — c(pi{x) for x G F' , it follows 
that /i' — cpj f {f7i(a;/3) : /? > a} belongs to F[Gi][Gi+i^Q]. Moreover, for f3 < a, 
ip^{xp) is determined in y[Gi][Gi-|-i,Q-], and hence so are h{xi3 + K) = ■Cx^j ('^1(2^/3)) ^^nd 
{h' — cpj){(j i{x f))) . Therefore h' — cp^ belongs to ^[Gi] [Gi+i_a] (since it is determined by 
its values on {(Ji{xf3) : (3 S lui} U {t(l)}). Let f — h' — cp^. For each S £ E, there exist 
PS S Gi+i_Q, and kg E such that 

PS Ihg. /(o-i(z5,m)) = h- 
Since Qi_a and Z are countable, there exist p G Gi+i^Q,, A; G Z, and a stationary S G ^[G^] 
such that for 6 E S, p \\-q. fio'i{zs_rn)) = k. Then the (constant) sequence {f{o'i{zs,m)) ■ 



S € S) belongs to V[Gi], so by Corollary 2.5, / belongs to V[G. 



So it remains to prove (III. 2). Work in y[Gi]. Let 

A, a = {g e Qi ■ V(5 G (cont(9) - a)yn G Lu[{rig{n) < a) ^ ^vsM ^ dom(g)]}. 
Then Di a is a dense subset of Qi. We claim that it is true in l^[Gi] that: 

(III. 3) there is a countable ordinal a € oJi — E such that for every y G F', 
t, ci, C2 G Z, and gi, (72 S Di^a with qi \ a = q2 \ a, ii 

1e Ihg. Vziy) ^tAh{y + K) = C£ 
for £ = 1,2, then ci = C2. 
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Clearly this implies (III. 2). Indeed, we define £,y{t) to be c if there is a q e Di a such 
that g [■ a e Gi+i,Q and q Ih g /g +i '/'i(y) — t ^{y + ii') = c and otherwise = 0- 
By (III.3), ^y{t) is well-defined. 

PROOF OF (III. 3). The proof is by contradiction and uses some of the methods of 



the proof of Proposition 2.1. So suppose that for every a ^ uJi — E there are y" G F' , 
t°',cf,C2 G Z, and qf,q2 G Di^a such that qf \ a — q2 \ a and |^q. ifiiy") = 
A /i"(y) = c" where c" ^ for £ = 1,2. Then, by Fodor's Lemma and counting, 
there is a po £ G^, i, Ci, C2 G Z, g G V and names 5*, g", y" such that 

Po \\~p. 5 is a stationary subset of lui — E s.t. for all a G S*, 
t" — t,cf = ci , C2 = C2 and g" |" a = gj t Q; = <7 

and moreover such that po forces the names to be a counterexample to (III. 3), as above. 

There is a stationary subset S' C wi — -B such that for every a G S" there is a condition 
Pa > Po in Pi which forces a (z S and forces values (elements of V) to g" and to y". 
Moreover, we can suppose that the Pa U {(j, g")} G Pi+i {£ = 1, 2) are as in (f ) [cf. proof 



of Proposition 2.1] and that {pa : a G S'} is as in (ff) [with a in place of 6, but since 
a ^ E, the last sentence does not apply]. Let p* be the heart of {pa : a G S'}. We can 
also assume that {qf : a G S'} forms a A-system with heart g (for i — 1, 2). 

For each 6 £ E, there is ps G Pi+i and fc^ G Z such that P5 [ i > p*, P5(i) > g and 
PS h{zsfi) — ks- There is a stationary S C E such that {p^ : (5 G S*} satisfies (f) and 

(tt); in particular, f = rf''''" for (5 G S* and vf^°\n), gP'^^\5,n) = g{n) and uP'''°^5,n) 
are independent of 5 for each n < f. Moreover we can assume that there is G Z such 
that ks = k for aU 6 e S. Let p* be the heart of {ps : S e S} (so p* > p* U {{i, g)}). 

Choose m such that 2™ does not divide ci — C2. Let Af > ma,x{{g{n) : n < f}U {m}) 
and let 

(where d is the size of the domain of p* — {0}). Choose 

ao < ... < ajv-i < 7 < (5o < ... < (5jv-i 

where G S", (5j G S*, every ordinal which occurs in p* is < ao, and for all j < A'^ — 1 
every ordinal which occurs in pa^ or in g"^ {£ = 1,2) is less than aj+i (where is 
taken to be 7); and for all j < — 1, every ordinal which occurs in ps- is less than 
Then there is a condition go G Qo which extends p* (0) and each p^. (0) and ps- (0) such 
that go forces for all j < N: 

Vs.ir) = 7; Vs,{f + 1) = ^1-1 + 1; ^{S„f) = and g{6„f) = 2™ 
where S-i =7 + 1. 



As in the proof of Proposition 2.1, there is a condition g' G Pi and a subset W' of A^ 
of size > 2i+(^+i)^^ such that g'(0) = go, g' > Pa, for aU j < A^ - 1, and g' > ps^ \ i for 
j G W . Repeating the argument one more time and using the facts that g"^ and g2^ force 
the same value to (fiiy""^) and that g"' \ aj = q2' \ aj = g, there is a subset W = {j,jo} 
of W such that for any function / : W ^ {1:2} there is a condition g» G Pi+i such that 
g* f * = 9' and g*(i) is an upper bound of {ps^{i),pSj^{i)} U {^"^ i 92^° }• In a generic 
extension F[G'] where g, G G' we have (since h{zs-.o + i^) = h{zsj^fi + i^) = fc and 
g{5, n) and u((5, n) are independent of 5 G 5 for n < f) that 2™ divides 

/i(u((5j,f)) - /t(u((5j„,f)) = h{y"^ +K)- hiy"^" + K) = ci - C2 
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which is a contradiction of the choice of m. This proves (III. 3) and thus finally completes 



the proof of Theorem 1.5 



5. Theorem 0.2 



To prove Theorem |0.2| we use a variant of the iterated forcing that is described in 
section 1. Let Qq and be as defined there. We shall use a finite support iteration 

P' = (^P'i, Qi '■ < i < LU2^] the Qi are defined inductively. We consider an enumeration, 

as before, of names : i < 0^2} for functions from K to Z. In V^' we define 

{0} if the s.e.s £i is torsion 



• f {0} if the s.e.f 

~ [ Q^, otherwise 



We claim that if G is P'-generic, then in V[G] (i) Ext(^, Z) is torsion and (ii) Hom(^, Z) = 
0. 

To see why (i) holds, consider ^ G IIom(_ftr, Z). For some i e 0^2, ■0j is a name for ^p. 
In V[Gi] either ip represents a torsion element of Ext(j4,Z) or else, by construction, in 
y[Gi-i-i] ■0 = v\K for some (p E IIom(i^, Z), in which case tp represents the zero element 
of Ext(^,Z). 

To prove (ii), it suffices to show for all i <E uJ2 that if ft, e Hom(A, Z)^['^'+il , then 
h £ IIom(A, Z)^!*-^'! . If not, then Qi ^ {0}; but then by the arguments in section 4 it 
follows that £i is torsion, so Qi = {0}, a contradiction. 

6. CO-MOORE SPACES 

Following [0 we call a topological space X a co-Moore space of type (G, n) , where 
rt > 1, if its reduced integral cohomology groups satisfy 



W{X, Z) 



G if i — n 
otherwise. 



For n > 2, application of the Universal Coefficient Theorem shows that 

(J|k) there exist Bi and B2 such that G ^ IIom(i3i,Z) ©Ext(i32,Z) where 
Ext(Bi,Z) = = Hom(B2,Z). 

Conversely, if G satisfies (Jt), then there is a co-Moore space of type (G, n) for any 
n > 2 (cf. 1^, Thm. 5], ||^). A sufficient condition for G to be of the form (J|k) is that 
G = D(BC where G is compact and D is isomorphic to a direct product of copies of Z ([^ 
Thm. 5]). In a model of ZFC where every W-group is free, this condition is necessary 
(cf. 0, Thm. 3(a)] and Thm. 2.20]); in particular the (torsion-free) rank of G is of 
the form 2^ for some infinite cardinal /i. However, as a consequence of our proofs we 
have: 

Corollary 6.1. It is consistent with ZFC + 2^" = 2^^ = H2 that there is a group A of 
cardinality Hi such that IIom(74, Z) = but Ext(A, Z) does not admit a compact topology. 

Corollary 6.2. It is consistent with ZFC + 2^° — 2^^ — H2 that for any n > 2 there is 
a co-Moore space of type {F, n) where F is the free ahelian group of rank H2. 

Corollary 6.3. It is consistent with ZFC + 2^" = 2^i = N2 that for any n > 2 there is 
a co-Moore space of type (G, n) for some uncountable torsion divisible group G. 



14 



PAUL C. EKLOF AND SAHARON SHELAH 



Compare Corollary |6 . 3| with [^2.5 and 2.6]. The conclusions of the corollaries are not 
provable in ZFC. Moreover, by an easy modification we can replace K2 in the corollaries 
by any regular cardinal greater than Hi. (Note that by Thm. 5.6], Hom(i?i, Z) cannot 
be the free group of rank Ki if Ext(i?i, Z) — 0.) 
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